Abstract. Detection of gravitational waves (GWs) from merging binary black holes (BHs) by Advanced LIGO has ushered in the new era of GW astronomy. Many conceivable sources such as intermediate-mass BH binaries and white dwarf binaries, as well as stellar-mass BH inspirals, would emit GWs below 10 Hz. It is highly desirable to open a new windo w for GW astronomy in the infrasound frequency band. A low-frequency tensor detector could be constructed by combining six magnetically levitated superconducting test masses. Such a detector would be equally sensitive to GWs coming from anywhere in the sky, and would be capable of resolving the source direction and wave polarization. I will present the design concept of a new terrestrial GW detector, named SOGRO, which could reach a strain sensitivity of 10
Introduction
Detection of gravitational waves (GWs) from merging binary black holes (BHs) by the two Advanced LIGO (aLIGO) detectors has ushered in the new era of GW astronomy [1] [2] [3] . Now, the Advanced Virgo (AdV) detector has joined the search for GWs. These laser interferometers cover a frequency band from ~10 Hz to several kilohertz. The LISA mission, selected by ESA for launch in 2034 [4], would observe GWs over a low-frequency band from 0.1 mHz to 0.1 Hz. This would still leave the frequency band f = 0.1-10 Hz uncovered, where interesting astrophysical sources such as intermediate-mass black hole (IMBH) and white dwarf (WD) binaries could be observed.
Ando et al. [5] proposed a space interferometer, DECIGO, to cover the missing midfrequency band. Harms et al. [6] looked into the possibility of constructing a mid-frequency terrestrial detector by using an atom-laser hybrid interferometer, a differential torsion-bar detector (TOBA), and a conventional laser interferometer. Paik et al. [7] proposed a terrestrial tensor GW detector, SOGRO (Superconducting Omni-directional Gravitational Radiation Observatory), consisting of six levitated superconducting test masses , to cover the same frequency band. Such a detector would be equally sensitive to GWs coming from anywhere in the sky, and would be capable of resolving the source direction and wave polarization. In this paper, I discuss the design concept of SOGRO and report the recent progress made in designing the platform and modelling its thermal noise.
Unlike the other detectors, SOGRO requires a large-scale cryogenic operation since the test masses must be levitated from a rigid platform and the entire platform needs to be cooled to 4.2 K or below to reduce its thermal noise. Therefore, our initial research effort was directed to conceptual design of the platform and modelling the platform noise.
Design Concept and Operating Principle
The potential of using two widely separated test masses coupled by an electrical circuit to detect GWs was realized in the 1970s by Wagoner et al. [8] . SOGRO is a 3D extension of such a long-baseline resonant-mass detector. Figure 1 shows a perspective view of SOGRO. Six superconducting test masses, each with three linear degrees of freedom, are levitated over three orthogonal mounting tubes. The test masses are made of niobium (Nb) in the shape of a rectangular shell. Superconducting levitation/alignment coils and sensing capacitors (not shown) are located in the gap between the test masses and the mounting tubes, as well as on the outer surfaces of the test masses. The along-axis motions of the two test masses on each coordinate axis are differenced to measure a diagonal component of the wave while the cross-axis (rotational) motions of the four test masses on each coordinate plane are differenced to measure an off-diagonal component of the wave:
where x rij (t) is displacement of the test mass on the ri axis along the j axis and L is the separation between the test masses on each axis. The operating principle of SOGRO follows closely that of the tensor superconducting gravity gradiometer (SGG) under development at the University of Maryland [9] . Since test mass motion is measured with respect to the sensing circuit elements mounted on the platform, SOGRO requires a rigid platform with its mode frequencies above the signal bandwidth. To alleviate excessive demand on cryogenics, the platform must not be too heavy yet sufficiently rigid.
Each test mass weighs 5 tons and has a large enough surface area to be levitated against earth's gravity with a magnetic field of 0.10 T, well below 0.14 T, the first critical field (H c1 ) of high-purity Nb at 4.2 K. Magnetic levitation allows the test masses to have horizontal differential-mode (DM) resonance frequencies of ~0.01 Hz. In the vertical direction, the DM frequencies become ~1 Hz due to the stiffness arising from nonlinearities in the levitation coils . This implies that the h xz , h yz and h zz channels, which utilize vertical accelerometers, will be noisier. Fortunately, there is a way to detect all the tensor components by combining only the horizontal motions of the test masses. Since the GW tensor is traceless, h zz can be obtained from h zz = −(h xx + h yy ) without necessitating measurement of vertical accelerations. According to Eq. (2), h xz is obtained by combining the relative z displacement of the two test masses on the x axis with the relative x displacement of the two test masses on the z axis:
Since the platform is completely isolated from the ground tilt (see Sec. 5), z x2 -z x1 and x z2 -x z1 are not contaminated by any common-mode (CM) angular acceleration. Further, h xz drives the two arms symmetrically: z x2 -z x1 = x z2 -x z1 . The same holds for h yz . Therefore, these tensor components can also be obtained from horizontal displacements only.
The tiny mechanical energy that a GW deposits into the antenna must be converted into an electrical signal and coupled to a nearly quantum-limited SQUID (Superconducting Quantum Interference Device). Unfortunately, nearly quantum-limited dc SQUIDs have a 1/f noise below several kHz. We need to use an active transducer to upconvert the signal frequency to above the 1/f noise corner frequency. For SOGRO, we propose to employ a superconducting capacitance bridge transducer coupled to a dc SQUID. A similar transducer was developed by Cinquegrana et al. [10] for resonant-mass GW detectors. Figure 3 shows the transducer for a diagonal-component channel. C ij (t) is a Nb capacitor plate located near the j-th face of the i-th test mass. The bridge output is coupled to a nearly quantum-limited dc SQUID through an impedance-matching superconducting transformer.
The sensing capacitances are modulated by GWs at Z and the bridge is driven at Z p >> Z, well above the 1/f noise corner frequency of the SQUID. An active transducer introduces a new noise source, the oscillator noise. Although a bridge configuration is employed to null the carrier, the sideband components contained in the carrier can become a dominant noise source, if the bridge balance is not sufficiently precise. In our design, the carrier signal is precisely balanced by applying feedback forces to the test masses, eliminating the oscillator noise at the output. 
Platform Design and Noise Analysis
An efficient design of the platform and the cryostat is of utmost importance for SOGRO. We have carried out FEM analysis for various platform design options with L = 30, 50 and 100 m. Our ANSYS analysis shows that, by building the 3D cross with aluminum (Al) tubes triangulated by Al tube struts and fortified by additional braces at the points where these tubes meet, a 50-m platform can be constructed with all the mode frequencies above 10 Hz and a total mass of ~220 tons (see Fig. 4 ). To increase their internal mode frequencies, the test masses are made compact by using folded Nb shells and are levitated inside the orthogonal Al tubes near the six vertices of the platform. This gives an additional advantage of being able to shrink the size of the cryostat. For the platform noise, we assume an internal damping model, which modifies Hooke's law as F = −k(1 + iI)x, where I is the loss angle. The thermal noise displacement power spectral density (PSD) is given [11] by
where Z pl is the resonance frequency of the mode under consideration, M pl is the effective mass of the platform, which depends on where the displacement is measured, and Q pl is the quality factor of the mode. To compute S [ (f), a pre-stressed modal analysis was performed using ANSYS finite element software. Figure 5 shows the platform thermal noise coming from dominant xx longitudinal platform modes in (a), and dominant xy scissor modes of the platform in (b), at T = 4.2 K assuming Q pl = 10 7 . All the mode frequencies are above 10 Hz except for one scissor mode. The noise summed over six dominant modes gives a level lower than or comparable to the intrinsic detector noise of Advanced SOGRO (aSOGRO) for both h xx and h xy channels (see Fig. 6 ). (Other modes make negligible contributions.) For initial SOGRO, Q pl = 10 6 would be sufficient to keep the platform thermal noise below the intrinsic detector noise level. Obtaining Q pl = 10 7 in a composite structure will be extremely challenging even at cryogenic temperatures. However, we expect that the Q requirement can be relaxed by a t least an order of magnitude as we optimize the design of the platform. M pl for a particular mode becomes infinity at its nodes, resulting in S [ (f) = 0. With the additional degrees of freedom introduced by the corner braces, one could adjust the shapes and positions of these braces to move the nodal points of dominant modes nearer to the test mass locations. An indepth engineering study is required to optimize the platform design.
Detector Sensitivity
The detector sensitivity is limited by the intrinsic detector noise (antenna thermal plus amplifier noise) and the platform thermal noise. Seismic and Newtonian gravity noises (NN) are important external noise sources which can also limit the detector resolution. In this section, I will discuss the intrinsic detector noise and the platform noise. Seismic noise isolation and NN mitigation will be described in Sec. 5.
The detector noise PSD of an off-diagonal-component GW detector with an active transducer can be shown [7] to be
where M and L are the mass of each test mass and the arm-length of the detector; T is the temperature; Z D and Q D are the DM (angular) resonance frequency and Q; and E and T N are the energy coupling constant of the transducer and the noise temperature of the SQUID, respectively. One obvious way of increasing the sensitivity is enlarging M and L. However, it will require cooling a larger mass. In this paper, we consider a detector with M = 5 × 10 3 kg and L = 50 m, which brings the total mass including the platform to ~250 tons. In an active transducer, it is possible to achieve E > 1. For our tuned capacitance-bridge transducer, we have
where C is the equilibrium capacitance of each sensing capacitor, E p is the amplitude of the driving electric field at Z p , and Q p is the electrical Q. Table 1 shows the proposed detector parameter values and detector noise for SOGRO and aSOGRO. Both detectors have an arm-length of 50 m and test masses weighing 5 tons each. The amplifier noise number is defined by n { k B T N /!Z p . SOGRO is cooled to 4.2 K by liquid helium and aSOGRO to 0.1 K by using He 3 /He 4 dilution refrigerators. White noise levels of 10! have been demonstrated at 0.1 K by using a two-stage dc SQUID, in which a commercial sensor was used as the preamplifier for the first SQUID [12] . We set 20! and 5! as the target SQUID noise for SOGRO and aSOGRO, respectively. SOGRO has very stringent Q requirement. Although no fundamental limit is known for the Q of levitated superconducting masses, parasitic forces due to trapped magnetic flux and patch fields will cause damping in the transducer. To minimize such parasitic forces, the test masses will be constructed with high-purity Nb and with the surface highly polished.
In Fig. 6 , we plot the expected strain sensitivities of SOGRO and aSOGRO, as well as those of aLIGO, AdV and eLISA. The NN due to the Rayleigh waves and infrasound waves before mitigation are also plotted [6, 13] . The SOGRO detector noise is dominated by the Hz -1/2 at 0.5-10 Hz. To reach the detector noise limit, the NN must be mitigated by up to 70 dB. The sensitivity of aSOGRO surpasses those of terrestrial and space laser interferometers between 0.1 and 10 Hz and fills the frequency gap between them. In addition to detecting the IMBH and WD binaries, aSOGRO will be sensitive enough to be able to detect stellar mass BH binaries like GW150914 and warn the laser interferometers days before merger. 6 . Expected strain sensitivities of SOGRO and aSOGRO as well as those of aLIGO, AdV and eLISA. aSOGRO will be sensitive enough to be able to detect stellar mass BH binaries like GW150914 and to warn the laser interferometers days before merger.
Seismic and Newtonian Noise
We propose to construct SOGRO underground at a depth ≥ 500 m. The seismic noise level of an underground lab at 0.5-10 Hz is d 5 u 10 8 m s 2 Hz 1/2 [14] , 10 orders of magnitude above the target sensitivity of SOGRO. Vibration isolation at such low frequencies is extremely difficult. The CM rejection techniques demonstrated with SGGs [15] , which produced a stable CM rejection level of three parts in 10 8 , will be applied to SOGRO and improved to one part in 10 9 . The highly polished, high-purity Nb surfaces will allow for exceptional stability of the balance and error rejection. This will reduce the vibration isolation requirement to 20 dB. The entire platform will be suspended as a pendulum from outside the cryostat with the suspension cable attached to just above its center of mass. The resulting 25-m pendulum will have its pendulum frequency at 0.1 Hz and a torsional mode frequency ≤ 1 mHz. This pendulum suspension will completely decouple the platform from the ground tilt, and provide passive isolation of 40 dB to horizontal accelerations and 120 dB to angular accelerations at 1 Hz, and much more at 10 Hz. Combined with the overall CM rejection of 180 dB, the seismic noise could be reduced to below the intrinsic detector noise level in all degrees of freedom except for the vertical. For the vertical direction, 20-dB isolation must be provided by combining passive and active isolation.
The NN generated by moving local masses poses a formidable challenge to approaching the detector noise limit at f d 1 Hz. At low frequencies, the NN is dominated by Rayleigh waves and infrasound waves. Both the Rayleigh and infrasound waves are exponentially suppressed with depth. For the Rayleigh waves (c R = 3.5 km s -1 ), there is hardly any attenuation at a 500-m depth. However, for the infrasound (c IS = 330 m s -1 ), the NN is attenuated by up to a factor 6 at 0.2 Hz and to < 10 −8 at 1 Hz at the same depth. At 0.2 Hz, where microseisms peak, the NN must be rejected by another three orders of magnitude to reach the intrinsic noise limit. SOGRO is able to meet this challenge by utilizing the full tensor measurement and simultaneous measurement of environmental density fluctuations. A detailed analysis has been published elsewhere [16] . I summarize our findings here.
Consider a GW coming from (T, I) direction in the presence of Rayleigh and infrasound waves, where T and I are the polar (with respect to zenith) and the azimuthal angle, respectively. The full strain tensor in the GW coordinates has the form: 
where h + (Z) and h u (Z) are the two polarization components of the GW, and h' Nij (Z) are the NN components. Due to the transverse nature of the GW, h' 13 In the general case where more than two waves are incident simultaneously, SOGRO must be supplemented with external seismometers and microphones and the NN must be removed by using a correlation method. Figure 7(a) shows the residual NN achieved for Rayleigh waves in the absence of infrasound waves by using h' 13 , h' 23 , h' 33 and a z (CM), plus seven seismometers with SNR of 10 3 at the radius of 5 km as the input of the Wiener filter. The NN has been removed to ~10 -3 with environmental sensors (seismometers) alone.
The local channels of SOGRO improve the noise significantly only near T = π/2. With both waves present, the resulting mixed NN cannot be removed by using these methods. We propose to use an array of external seismometers to first remove the Rayleigh waves independently of the infrasound to one part in 10 3 , and then combine the cleaned-up h' 13 , h' 23 , h' 33 and microphone signals to remove the remaining NN due to the infrasound to one part in 10
3 . This will satisfy the rejection requirement for both types of NN for SOGRO as well as aSOGRO.
Conclusions
A wideband terrestrial tensor GW detector with a strain sensitivity of 10 −19 -10 −21 Hz −1/2 for the frequency band of 0.1-10 Hz could be constructed by using six widely separated, magnetically levitated superconducting test masses. Being a full-tensor detector, a single SOGRO antenna would be capable of determining the source direction and wave polarization for signals with sufficient SNR. The tensor outputs could be combined to better reject the NN caused by the ground motion and atmospheric density fluctuations. This way, NN mitigation can be achieved at the same level as in conventional GW detectors independently of the GW direction of propagation [16] .
A major technical challenge is the construction of a large (50 m, 200+ ton), rigid enough (≥ 10 Hz), 3D platform with high Q (≥ 10 6 ) that can be cooled to the liquid helium temperature. Detailed engineering studies need to be performed to find a platform design which reduces the weight while providing sufficient rigidity. Another challenge is obtaining the required high Q (~10 8 ) in the levitated superconducting test masses. A dedicated experimental research effort will be required to achieve such a high Q.
Although very challenging, SOGRO has a number of attractive features and deserves a serious consideration as an option for future low-frequency terrestrial GW detectors. SOGRO will be the first tensor detector that can perform genuine full-sky search for GW events. With SOGRO, one could set a new limit for GW flux at f = 0.1-10 Hz. Binaries composed of two IMBHs of 10 4 M~ at the distance of a few billion light years or binaries composed of two WDs within the Local Group could be detected.
A sub-Hz high-precision GW detector has other useful applications. A recent study [17] shows that a gravity strain sensor with 10 −20 Hz −1/2 sensitivity at 0.1 Hz would detect an early gravity perturbation induced by an earthquake of magnitude M > 6 with SNR > 5 at epicentral distances up to 500 km. The prompt detection of earthquakes would enable an early warning to be issued before destructive seismic waves reach populated areas. Another potential application of SOGRO is mitigation of the NN for future third -generation GW detectors such as post advanced LIGO interferometers [18] and ET [19] . A set of shorter arm-length (~5 m) SOGROs located in close proximity to the interferometer test masses could detect the NN affecting the interferometer test masses directly [20] . The mini-SOGRO signals could then be used to clean out the NN from the interfero meter.
